Abstract. We describe a search for primitive trinomials of degree 6972593 over GF(2). The only primitive trinomials found were x 6972593 + x 3037958 + 1 and its reciprocal. This completes the search for primitive trinomials whose degree is a Mersenne exponent less than ten million.
Introduction
In this note we describe an extension of the computation [3] , to which we refer for motivations, definitions, historical comments and additional references. Throughout, all polynomials are assumed to be in Z 2 [x] . When considering trinomials T (x) = x r + x s + 1, we assume that 1 ≤ s ≤ r/2 , so we disregard the reciprocal trinomial x r T (1/x) = x r + x r−s + 1. Using standard algorithms, it is possible to find irreducible polynomials of high degree r, but it appears to be impossible to test if these polynomials are primitive unless the complete factorization of 2 r − 1 is known. For this reason we restrict our attention to Mersenne exponents r, for which 2 r − 1 is prime. Primitive trinomials x r +x s +1 whose degree is a Mersenne exponent r ≤ 3021377 were considered in [3, 7, 8, 9, 15] . Here we consider the next Mersenne exponent r = 6972593. According to the GIMPS project [14] , 6972593 is the only Mersenne exponent in the interval (3021377, 10 7 ). We remark that, at the time of writing (August 2003), one larger Mersenne exponent is known. This exponent, r = 13466917, is not the degree of a primitive trinomial. Because r = 5 mod 8, Swan's theorem [13] implies that we only need to consider s = 2. However, x r + x 2 + 1 is divisible by x 2 + x + 1, since r = 1 mod 3. For Mersenne exponents r = ±3 mod 8, 5 < r < 10 7 , no primitive trinomial of degree r exists. However, in each case we can find a primitive polynomial of degree r dividing a trinomial x r+δ + x s + 1, for some δ ≤ 12. Such trinomials are called almost primitive and are discussed in [4, 5] .
Computational results
Using the algorithm of [3, §4] , a search for irreducible trinomials of degree r = 6972593 was started in February 2001 and completed in July 2003. Sieving eliminated all but 236244 (6.78%) of the r/2 = 3486296 candidate trinomials and took about 5% of the total time. (For the case r = 3021377 considered in [3] , the corresponding figures are 109245 (7.23%) of 1510688.) In most cases we sieved up to degree 26 (versus 24 for r = 3021377). We found that sieving for factors of degree k removed about 1 in k of the remaining trinomials, e.g. sieving for factors of degree 25 removed 9593 of the 253723 candidates remaining after we had already sieved for factors of degree 2, 3, . . . , 24.
For the 236244 candidate trinomials T (x) not eliminated by sieving, we performed a "full irreducibility test": T (x) is irreducible iff x 2 r = x mod T (x). In some cases we tested the reciprocal of
One primitive trinomial,
was found on August 31, 2002. Our computations show that this is the only primitive trinomial of degree 6972593, apart from its reciprocal. If we consider irreducible trinomials of degree r, it is plausible that Mersenne exponents r = ±1 mod 8 behave like other primes r = ±1 mod 8. There are 1613 such primes r < 30000, giving a total of 5276 irreducible trinomials. Of these 1613 primes, 189 (11.7%) are associated with exactly one irreducible trinomial. For 63 (3.9%) of the primes r, there is no irreducible trinomial of degree r. The distribution of the number of irreducible trinomials for given prime degree r = ±1 mod 8, r < 30000, appears to be approximately Poisson with mean 3.271 ± 0.045.
The existing data for Mersenne exponents r = ±1 mod 8 is consistent with such a Poisson distribution: for the 21 Mersenne exponents r = ±1 mod 8 in [7, 10 7 ], there are 64 irreducible trinomials (mean 3.05 ± 0.38 per exponent) and two exponents (89 and 6972593) are associated with exactly one irreducible trinomial.
The computation for r = 6972593 was performed on an average of about 300 processors and took approximately 230000 Mips-years (17.8 times as long as for r = 3021377). The bit-complexity 1 of the computation is O(r 3 ). In practice the time increases faster than r 3 because of cache effects: (6972593/3021377) 3 ≈ 12.3 < 17.8. For processors whose speed is limited by memory bandwidth, it is relevant to note that approximately 236244 × 3.5 × r 2 /64 ≈ 6.28 × 10 17 64-bit memory references were required for the full irreducibility tests (see [3, §4] ).
Checking the results
It is important to check the results of such a long computation to detect human, software and/or hardware errors [8, 10, 14] . Ideally, we should repeat the entire computation with an independently-written program, but this is not feasible with our current computing resources. Most software that can be used to compute irreducible/primitive trinomials is impractical for degrees as large as 6972593 because of inefficient use of memory or non-optimized algorithms. NTL [12] is the only general-purpose package that we have found capable of checking the irreducibility of a trinomial of degree 6972593 over Z 2 , and NTL takes three times longer than our program irred (13 hours versus 4.33 hours on an 833 Mhz Alpha EV68 to verify our primitive trinomial).
Our program irred, which is available as open-source software [2] , produces a log file where each line is a triple (r, s, k). Such a line indicates that the trinomial T (x) = x r + x s + 1 has been tested. If k is an integer, then T (x) has an irreducible factor of degree k and no factor of smaller degree. For example, the line 6972593 5 10 indicates that x 6972593 + x 5 + 1 has an irreducible factor of degree 10. By reducing the exponents mod 1023 (to reduce memory requirements), and then taking a GCD with x 1023 − 1, we can easily verify with NTL or Magma [6] 
If k has the form yd 7 · · · d 0 then the reciprocal polynomial was tested, and the low 32 coefficients of x
This usually occurs when s is even, see [3, §4] .
Finally, a line such as 6972593 3037958 irreducible (may be primitive) means that x r +x s +1 is irreducible (and hence primitive if r is a Mersenne exponent, but irred does not check this).
Since a bug in our sieving routine might result in a primitive trinomial being discarded erroneously, we have taken care to check the sieving phase of our program with NTL. For degree r = 3021377, we have checked the log entries for 1396610 (99.7%) of the 1401443 trinomials discarded by sieving (including degrees up to 23). Thirteen of the log entries for trinomials not discarded by sieving have also been checked with NTL. For r = 6972593, we have checked the log entries for 3183710 (98.0%) of the 3250052 trinomials discarded by sieving (including degrees up to 20). No discrepancies have been found.
Agreement with the checks performed by NTL gives confidence in the correctness of the different versions of irred (32 and 64-bit, C, Intel MMX, PowerPC). We have also cross-checked by duplicating more than 2% of the results with different versions of irred. To guard against the possibility of hardware errors, we are running the complete computation for degree r = 3021377 again. The computations for smaller Mersenne exponents r = ±1 mod 8 have been double-checked, as already reported in [3, §6] .
The log files for r = 6972593 and other Mersenne exponents less than 10 7 are available on our web site [2] , and any discrepancies found during testing will be reported there. our program on the IBM SP in 64-bit mode, Julian Seward and Andrew Tridgell for their assistance in running the valgrind simulator [11] , Victor Shoup for his NTL package [12] , and George Woltman and the GIMPS project [14] for providing information on Mersenne exponents. The first author gratefully acknowledges the tolerance of OSC/OUCL support staff and the support of the EPSRC under Grant GR/N35366/01.
